Steady and unsteady natural convection heat transfer in a nanofluid-filled square enclosure cavity with various heat source configurations at the bottom were numerically studied using a characteristic-based split scheme finite element method. A wide range of Rayleigh numbers (10 3 <Ra<10 7 ), solid volume fractions of nanoparticles (0<f<0:2), the lengths (0:2L<B<0:8L), and locations (0:2L<D<0:5L) of heat sources as well as different types of nanoparticles were considered. Results showed that addition of nanoparticles into the base fluid leads to evident enhancement of heat transfer, particularly at low Rayleigh numbers and that cooling performance is strongly influenced by thermo-physical properties of the nanoparticles. Temporal development of thermal layer in a nanofluid-filled cavity was demonstrated from initial to steady stage through unsteady analysis. We found that the maximum temperature and the average Nusselt number started to oscillate, which is a typical characteristics of high Rayleigh number flow, at higher Rayleigh number in nanofluid than in pure water.
Introduction
Increasing the heat transfer rate while incurring acceptable pressure drop is an important objective in many industrial applications such as electronic device cooling, microfluidic components, and heat exchangers. Conventional heat transfer fluids such as water, oil, and ethylene glycol possess low thermal conductivity values, thus limiting their utilization in challenging conditions. Adding some solid nanoparticles with high thermal conductivity to the fluid is one of the ways to overcome this problem. The resulting fluid is a suspension of the solid nanoparticle in the base fluid, which is called a ''nanofluid.'' The thermal conductivities of nanofluids are believed to be greater than the base fluid due to the high thermal conductivity of the nanoparticles. Moreover, buoyancy-driven fluid flow and heat transfer have received much attention in engineering applications such as cooling systems for electronic devices and heat exchangers due to simplicity and reliability. 1 Along these lines, many numerical and experimental studies in differentially heated enclosures have been conducted. investigated steady, natural convection from a discrete flush-mounted rectangular heat source on the bottom of a horizontal enclosure and showed that the rate of heat transfer was not sensitive to the vertical wall boundary condition but did depend on the Rayleigh number and the aspect ratio of the source. In addition, Cheikh et al. 6 studied influences of Rayleigh number and various thermal boundary conditions at the ceiling and vertical walls on the characteristics of natural convection in a square enclosure. They showed that different thermal boundary configurations and Rayleigh numbers significantly affect heat transfer rate and maximum temperature at the heated surface.
However, these studies only considered a relatively low thermal conductivity fluid, which limits the heat transfer enhancement. With the continuing miniaturization of electronic devices and the desire for heat transfer improvements, dispersed nanoparticle-fluid mixtures, referred to as nanofluids, have attracted attention in heat transfer applications because of their excellent thermal performance. Nanofluid has many advantages such as significantly enhanced heat transfer, possible size reduction of heat exchanging system, and minimal clogging. 7 Thus, nanofluids could be applied to some environments where higher heat flux is important, as conventional fluid is not capable of achieving the desired heat transfer. Xuan and Li 8 examined the transport properties of nanofluids and showed that thermal dispersion, which takes place due to the random movement of particles, played a major role in increasing the heat transfer rate between the fluid and the wall. Brownian motion of the particles, ballistic phonon transport through the particles as well as clustering of nanoparticles may also be a possible reason for this enhancement. 9 Das et al. 10 investigated the stability of Al 2 O 3 -water and Cu-water nanofluid and observed that the thermal conductivity of the nanofluid increased with temperature. Putra et al. 11 and Wen and Ding 12 conducted experiments on natural convection heat transfer with nanofluids and showed that the heat transfer rate decreases with an increase in nanoparticle concentration. It was also shown that the viscosity of the nanofluid increased rapidly with inclusion of nanoparticles at low shear rate.
Numerical studies on natural convection heat transfer of nanofluids within differentially heated enclosures have been performed. [13] [14] [15] [16] [17] [18] Khanafer et al. 13 first conducted a numerical investigation on the heat transfer enhancement due to adding nanoparticles in a differentially heated enclosure. They found that the suspended nanoparticles substantially increase the heat transfer rate at any given Grashof number. Recently, Oztop and Abu-Nada 17 conducted numerical simulations of natural convection heat transfer and fluid flow within a partially heated enclosure considering different types of nanofluids. Aminossadati and Ghasemi 18 presented a numerical study of natural convection cooling of a heat source embedded on the bottom wall of an enclosure filled with nanofluids and indicated that adding nanoparticles into pure water improved its cooling performance, especially at low Rayleigh numbers. In addition, they showed that the type of nanoparticles and the length and location of the heat source significantly affected the maximum temperature of heat source. While most studies assumed potential fluid flow and considered only steady state natural convection, viscosity may have an important effect in the development of boundary layer flow and unsteady fluid flow in the initial transient stage. Natural convection heat transfer in an inclined enclosure filled with a waterCuO nanofluid is investigated numerically by Ghasemi and Aminossadati 19 . They found that the heat transfer rate is maximized at a specific inclination angle depending on Rayleigh number and solid volume fraction. Nabavitabatabayi et al. 20 presented a numerical study on the heat transfer performance in an enclosure including nanofluids with a localized heat source. They observed that by adding nanoparticles to base liquid causes the maximum temperature decrease on account of the irregular motion of nanofluids and, more importantly, the higher energy transport rate inside the fluid. Abu-Nada et al. 21 investigated natural convection heat transfer enhancement in horizontal concentric annuli field by nanofluid. They found that for low Rayleigh numbers, nanoparticles with higher thermal conductivity cause more enhancement in heat transfer. Bararnia et al. 22 studied the natural convection in a nanofluidfilled portion cavity with a heated built in plate by lattice Boltzmann model (LBM). Hasan et al. 23 recently investigated unsteady behavior of natural convection characteristics in a differentially heated enclosure with sinusoidally corrugated side walls and demonstrated that the Rayleigh number and the geometrical parameters of the enclosure have great influence on the transient characteristics of natural convection. One can find more engineering applications of the natural convection in enclosures in the review of Baı¨ri et al. 24 In this study, we adapted a characteristic-based split (CBS) scheme in finite element method (FEM) for studying transient and steady characteristics of natural convection in a square cavity filled with nanofluids that have many practical applications such as electronic device cooling, microfluidic components, and heat exchangers. We also investigated transient and steady heat flow with various setup such as heat source lengths (0:2L B 0:8L), locations of heat source (0:2L D 0:5L), and Rayleigh numbers (10 3 Ra 10 7 ). In addition, the effects of different types of nanoparticles (copper (Cu), silver (Ag), alumina (Al 2 O 3 ), titanium oxide (TiO 2 )) and solid volume fractions (0 f 0:2) on the flow streamlines, isotherms, velocity, pressure profiles, average Nu number, and percentage of temperature reduction were investigated. For transient analysis, the development of thermal layers, the behavior of the temporal maximum temperature lines, and the temporal average Nu lines were discussed.
Problem description
The schematic diagrams of the two-dimensional square enclosure considered in this study are shown in Figure 1 . In the problem, a heat source is located on the bottom wall of a square cavity, and two vertical walls are maintained at a relatively low temperature (T c ). On the top wall, an adiabatic boundary was assumed. Additionally, the following assumptions are proposed:
The length of the heater, B, can be changed. The position of the heater is expressed by D and is measured from the middle point of the heater to the left vertical wall of the enclosure. Nanofluids considered in the study are assumed to be Newtonian, incompressible fluids with laminar flow. The base fluid (water) and the solid spherical nanoparticles (Cu, Ag, Al 2 O 3 , and TiO 2 ) are in thermal equilibrium. Thermo-physical properties of the nanofluid are uniform and constant except for the density variation, which is determined based on the Boussinesq approximation. The thermo-physical properties of the base fluid and nanoparticles are given in Table 1 .
Mathematical formulation

Governing equations
The fluid considered in this study is a water-based nanofluid containing four different types of the nanoparticles: Cu, Ag, Al 2 O 3 , and TiO 2 . The continuity, momentum, and energy conservation equations for the unsteady natural convection in the two-dimensional square cavity can be written as follows [18] [19] [20] [21] 23 ∂u ∂x
Here, r nf , (rb) nf , and a nf are the effective density, the thermal expansion coefficient, and the thermal diffusivity of the nanofluid, respectively, and are defined as follows
where f is the solid volume fraction of the nanoparticles, and the heat capacitance of the nanofluid (rC p ) nf is given as follows In addition, k nf is the thermal conductivity of the nanofluid, which can be modeled for spherical nanoparticles as follows
where k p is the thermal conductivity of the dispersed nanoparticles, and k f is the thermal conductivity of pure fluid. This classical model has been cited by other researchers such as Oztop and Abu-Nada, 17 Aminossadati and Ghasemi, 18 and Ho et al. 26 The effective dynamic viscosity of the nanofluid is given by Brinkman
The following dimensionless parameters are used to convert equations (1)- (4) to non-dimensional forms as follows
As a result, the dimensionless continuity, momentum, and energy conservation equations can be expressed as follows
Boundary conditions
For fluid flow, a no-slip boundary condition was applied on all walls. For heat transfer, the vertical walls were maintained at a relatively low temperature (T c ), and the ceiling was considered to be adiabatic. The heat source on the bottom was varied in length (B) and distance (C) from the left vertical wall.
These boundary conditions can be written as follows in dimensionless form
The local Nusselt number on the heat source surface can be defined as follows
where h is the convection heat transfer coefficient:
Then, the non-dimensional form of the local Nusselt number along the heat source is given as follows
where u S is the dimensionless heat source temperature. The average Nusselt number was calculated as follows
Numerical method and validation
The dimensionless governing equations for incompressible viscous flow with the boundary conditions were discretized using the semi-implicit CBS scheme in a FEM. The details of the scheme were introduced by Massarotti et al., 28 Nithiarasu, 29 and Zienkiewicz et al. 30 The CBS scheme is implemented in a semiimplicit form in order to solve the incompressible viscous flow equations. In this section, the CBS procedure for the solution of nanofluid equations is described.
The CBS method is based on the calculation of an intermediate velocity from a momentum equation where the pressure gradients are omitted. Then, the pressure is evaluated through solving the pressure Poisson equation. Finally, the velocity is corrected using the computed pressures. In this study, the simplex linear triangular elements are employed.
The momentum equation introduced in the generalized model is similar to the convection-diffusion equation and can therefore be discretized in time using the characteristic Galerkin process. In particular, the time discrete momentum equation in its semi-implicit form can be written as follows
Then, we can rewrite equations (26) and (27) as follows
Step 1: predict the velocity The first step of the CBS algorithm is the calculation of an intermediate velocity U Ã from the momentum equation without including the pressure terms. Thus, the following is obtained
Step 2: solving the pressure Poisson equation
In the second step, the pressure is calculated using the modified Poisson equation, which ensures that the continuity equation is satisfied, and for the generalized model can be written as follows
Step 3: corrected velocity
In the third step, the real velocity values are obtained using the following correction
Step 4: thermal flow problems
The time discretization of the energy equation using forward Euler scheme is written as follows
For the spatial discretization, Galerkin FEM is employed. The trial solutions and weighting function spaces for two-dimensional P1P1 Galerkin FEM are defined as follows
where H 1 denotes the Sobolev functional space which is square integrable function and its first derivatives, G g , denotes the prescribed essential boundary condition,
The weak formulation for the governing equation can be written as follows:
Step 1: find
Step 2: find
Step 3:
Step 4: find
The Galerkin approximation is applied by assuming linear interpolation functions fN k g N k = 1 for all variables as
where N k (X ) is the trial function.
Substituting the above interpolations into the weak formulations and integrating using Gauss quadrature rule, we can obtain the semi-discretized equations for U
, and u n + 1 . The matrixes in the lefthand side of the momentum equations, pressure Poisson equation, and thermal equation are symmetric, positive definite matrixes. Hence, conjugate gradient method is used to numerically solve the system of equations. The solution procedure is iterated until the following convergence criterion is satisfied to obtain the steady solutions
The effect of the grid resolution was examined in order to select the appropriate grid density. Table 2 presents the results of the grid independence test for waterCu nanofluid with a solid volume fraction of 0.1. The (60 3 60) uniform grid is employed for the remaining simulations based on this test. For validation of numerical code, natural convection heat transfer of a pure fluid with the same configuration of boundary conditions as in Figure 1 (except the constant temperature on the top wall) was solved and is compared with Cheikh et al. 6 and Aminossadati and Ghasemi.
18 Table 3 shows the comparison results. Additionally, we considered natural convection heat transfer for different nanofluids under various Rayleigh numbers and compared these with Aminossadati and Ghasemi. 18 The comparison results are shown in Table 4 . The results show good agreement with the previous numerical results.
Results and discussion
Numerical studies for unsteady natural convection in a nanofluid-filled square cavity with a heat source at the bottom were carried out. Different solid volume fractions (0 f 0:1), distances of the heat source from the left vertical wall (0:2L D 0:5L), lengths of the heat source (0:2L B 0:8L), and Rayleigh numbers (10 3 Ra 10 7 ) are considered. Different types of nanoparticles (Cu, Ag, Al 2 O 3 , and TiO 2 ) are also investigated. For all simulations, pure water is considered as the base fluid with Pr = 6.2. Table 5 shows the benchmark results for the average Nusselt number Nu m , maximum temperature u max , maximum pressure P max , and maximum streamlines c max under the effect of the Rayleigh numbers for different types of nanoparticles at f = 0:1, B = 0:4L, and D = 0:5L. An increase in Rayleigh number leads to an increase in average Nusselt number, maximum pressure, and maximum streamlines. However, the maximum temperature decreases as Rayleigh number increases. In order to demonstrate the variation in temperature and stream fields with various Rayleigh numbers, the streamlines and isotherms for Cu-water nanofluid and pure fluid at different Rayleigh numbers (Ra = 10 , where conduction dominates the flow regime, the isotherms are distributed uniformly with similar parabolic patterns inside the cavity. As the Rayleigh number increases, isotherms spread out to two side walls and descend along two sides toward the heat source. Figure 2 also shows that the addition of nanoparticles to pure water reduces the strength of the flow field. A similar conclusion was reached by other researchers such as Ho et al. 26 and Aminossadati and Ghasemi. 18 This reduction of flow strength is more considerable at low Rayleigh numbers where conduction heat transfer dominates the flow field. Figure 2 also points out that as nanoparticles are added, the maximum dimensionless temperature is reduced, indicating enhanced enclosure cooling performance. Figure 3 shows the streamlines and isotherms for Cu-water nanofluid for different locations of the heat source. The streamline patterns clearly show that there are two asymmetrical circulating cells with unequal strengths dominating the flow when the heat source is not located at the middle of the bottom wall. As the heat source moves from the left wall toward the middle of the bottom wall, the two circulating flow cells change in strength, and two symmetrical vortices with equal intensity are eventually found in the cavity in the case of D = 0:5L. Similar patterns were observed in isotherms when the heat source was moved. Interestingly, as the heat source moves away from the left cold wall to the center, the maximum flow temperature increases and becomes highest (u max = 0:1724) when the heat source is at the center (D = 0:5L). Thus, the closer the heat source is to the left cold wall, the greater is the heat removal.
The effect of heat source length on streamlines and isotherms at the same Rayleigh number (Ra = 10 5 ) is shown in Figure 4 . Symmetrical streamlines and isotherms are observed since the heat source is located in the middle of the bottom wall. As the length of the heat source increases, the maximum temperature increases and the isotherm intensity becomes more considerable. Thus, an increase in heat source length leads to greater heat generation rates and stronger buoyant forces, which intensify the circulating vortices and increase the value of the temperature field. The effect of the length and distance of the heat source on the vertical velocity is illustrated in Figure 5 . Figure 5(a) shows that as the distance (D) of the heat source increases from 0.2L to 0.5L, the asymmetrical vertical velocity profile along the mid-section gradually changes to a symmetrical one, and the maximum vertical velocity increases. The highest value of vertical velocity is found when the heat source is at the middle of the bottom wall (D = 0.5L). In Figure 5(b) , the effect of various heat source lengths (B) at D = 0.5L on vertical velocity is illustrated. Symmetrical velocity profiles are found for all the values of heat source length (B), and the absolute magnitude of the vertical velocity increases as the heat source length (B) increased. It is clear that heat flow rate and the total heat input increased due to a greater heat source length; consequently, an increase in the buoyancy forces is observed, resulting in a high vertical velocity.
The effect of heat source distance (D) on the average Nusselt number and maximum temperature for various Rayleigh numbers is shown in Figure 6 . Figure 6 However, there is only a mild difference in the trend compared with those for low Rayleigh numbers (Ra = 10 3 and 10 . In contrast to the behavior of the average Nusselt number with varying D, Figure 6(b) shows that the maximum temperature increases as the heat source moves to the middle of the bottom wall for low Rayleigh numbers, and it reaches a maximum value at D = 0.3 for Ra = 10 6 . Figure 7 shows that at the same Rayleigh number, the greater length of the heat source leads to a higher heat generation rate and, consequently, a reduction in average Nusselt number. For a relatively small Rayleigh number (Ra = 10 ), due to a stronger buoyant effect on flow behavior, a descending linear line with higher slope is found. Figure 8 shows the symmetrical local Nusselt number profiles along the bottom wall under the effect of different lengths of the heat source (0:2L B 0:8L) when the heat source is located at the middle of the bottom wall (D = 0.5L). Since the maximum temperature occurred at the center of the heat source and low temperatures were observed near the two cold side walls, the highest Nusselt numbers were obtained near the two side walls, and the lowest Nusselt number occurs at the middle of the heat source. In addition, an increase in the heat source length D from 0.2L to 0.8L results in greater heat generation rate with lower Nusselt number on the bottom wall.
Development and transition of the thermal layer inside the cavity at high Rayleigh number (Ra = 10 7 ) are presented in Figure 9 . After an origination of the sudden heat flux, hot layers of fluid are formed at the adjacent heat source (t = 0:005). These hot layers then travel vertically upward into the center of the cavity and rapidly reach the adiabatic top wall. After contacting with the adiabatic wall, the traveling hot layers spread toward the two sides of the cavity and subsequently descend along these two cold walls. During this movement, heat exchange occurs between the hot flow and the cold walls, and the temperature of this traveling fluid becomes lower. Then, the cooled waves returns to the heat source region with cooling effect. During this process, those traveling waves oscillate, and hotter and colder fluids experienced heat exchange. Oscillatory phase and variation in isothermal patterns are maintained until steady state is reached (t ! 0:2).
Figure 10(a) shows the temporal variations of dimensionless maximum temperature of the heat source. The flow development after imposing a sudden heat flux at the bottom wall can be classified into three stages: an initial stage, a transitional stage, and a steady stage. In the initial stage, a sudden heat source induces development of a thermal layer at the adjacent heat source, which is dominated by pure conduction. . A convection-dominant steady stage is reached with gradual decay of oscillation. A drop in maximum temperature at the end of the initial stage was found for relatively high Rayleigh numbers (Ra = 10 6 and 10
7
). As discussed in Figure 9 , there is a sequence of traveling waves generated by the heat source rising up to the top wall and subsequently spreading out and down along the two cold side walls of the cavity. These waves then return to the center and impact the new hot traveling waves coming up from the bottom wall. This impact between the cooled traveling waves and hot waves causes a sudden drop in maximum temperature for Ra = 10 6 and 10
. The higher Rayleigh numbers lead to an increase in the gradient of maximum temperature drop. A sharper descent line at the end of the initial stage can be easily observed for Ra = 10 7 compared with the lower slope for Ra = 10 between the cooled traveling waves and hot waves is weak. No oscillation in the transitional stage or temperature drop is observed for these cases. Figure 10 (b) presents the time histories of the average Nusselt number for different types of nanoparticles at various Rayleigh numbers. Generally, the time required for reaching the steady state decreases as Rayleigh number increases. It can be seen that the Nusselt number lines start with a sudden sharp initial decrease due to low temperature at origination. After reaching certain values, these lines shift upward and pass through a transitional state. Finally, the average Nusselt number lines become stable in the steady stage. As aforementioned discussion in Figure 10 ) and high solid fraction volume indicates that the enhancement of the cooling process has a limit. Hence, an optimum value of solid volume fraction can be found.
In addition, the percentage of the maximum temperature reduction of heat source is a significant parameter in evaluation for the effect of added nanoparticles and the thermal design. Figure 12 shows that at low Rayleigh number (Ra = 10 3 and 10 4 ), where conduction dominates the heat transfer process, adding nanoparticles into a base fluid and increasing solid volume fraction provide significant temperature reduction. Particularly, addition of 20% Cu nanoparticle shows the highest temperature reduction of 42.78% for Ra = 10 3 . At high Rayleigh numbers, the temperature reduction tends to show contradictory trends. Although convection dominates the flow regime at high Rayleigh numbers, heat reduction performance is much lower compared to the low Rayleigh number case.
Pressure distribution along the mid-section of the cavity is shown in Figure 13 . The highest pressure was observed at the center of the mid-section (x = 0.5L). Pressure for different nonofluid flow depends strongly on the specific heat of nanoparticles, C p . Nanofluid based on higher specific heat nanoparticles creates higher pressure field. The specific heat values of Al 2 O 3 and TiO 2 are comparable and approximately two times greater than those of Cu and Ag. Hence, the pressure for Cu and Ag nanofluids are lower than those of Al 2 O 3 and TiO 2 nanofluids.
Conclusion
Unsteady natural convection in a nanofluid-filled square enclosure cavity with a heat source at the bottom was numerically studied using a CBS scheme in the FEM method. In particular, the effects of Rayleigh number, solid volume fraction as well as the location and length of the heat source on the flow and temperature fields and heat transfer characteristics were investigated by considering various water-based nanofluids including Cu, Ag, Al 2 O 3 , and TiO 2 nanoparticles. The heat transfer performance in the nanofluid enclosure was higher compared with that of the pure water. Nanofluids with higher specific heat nanoparticles produce higher cooling performance, especially at low Rayleigh number. For Ra = 10 3 , the addition of 20% Cu nanoparticle to pure fluid leads to 42.78% reduction of heat source maximum temperature.
For low Rayleigh numbers, the maximum flow temperature increases as the heat source moves from the left cold wall to the center. However, at high Rayleigh Increasing the heat source length leads to increase in heat generation rate. Hence, the maximum temperature increases and the average Nusselt number along the heat source decreases. The nanoparticles with higher specific heat (C p ) result in higher pressure field.
In unsteady high Rayleigh number flow, oscillations of the maximum temperature and average Nusselt number were observed at the transitional stage. These oscillations were found to start at lower Rayleigh number in pure water than in nanofluid.
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